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Abstract 

A Finsler space is called Ricci-quadratic if its Ricci curvature Ric{x, y) is quadratic in y. 
It is called a Berwald space if its Cliern connection defines a linear connection directly on 
the underlying manifold M. In this article, we prove that a homogeneous Randers space is 
Ricci-quadratic if and only if it is of Berwald type. 
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1. Introduction 

Riemann curvature is a central concept in Riemannian geometry which was introduced by 
Riemann in 1854. In 1926, Berwald generalized this notion to Finsler metrics. A Finsler metric 
is said to be R-quadratic if its Riemann curvature is quadratic [5] . R-quadratic metrics were first 
introduced by Basco and Matsumoto I2j. They form a rich class of Finsler spaces. For example, 
all Berwald metrics are R-quadratic, and some non-Berwald R-quadratic Finsler metrics have 
been constructed in [2111]. There are many interesting works related to this subject (cf. [T^fTU] '). 

Ricci curvature of a Finsler space is the trace of the Riemann curvature. A Finsler met- 
ric is called Ricci-quadratic if its Ricci curvature Ric{x, y) is quadratic in y. It is clear that 
the notion of Ricci-quadratic metrics is weaker than that of R-quadratic metrics. It is there- 
fore obvious that any R-quadratic Finsler space must be Ricci-quadratic, in particular, any 
Berwald space must be Ricci-quadratic. However, there are many non-Berwald spaces which 
are Ricci-quadratic. In general, it is quite difficult to characterize Ricci-quadratic metrics. 
Li and Shen considered the case of Randers metrics in [9] and obtained a characterization of 
Ricci-quadratic properties of such spaces, using some complicated calculations in local coordi- 
nate systems. Their results are rather complicated (see Theorem 3.1 below). In this paper we 
consider homogeneous Randers spaces and prove the following 

Main theorem. A homogeneous Randers space is Ricci-quadratic if and only if it is of Berwald 
type. 

We remark here that the range of homogeneous Randers spaces is rather wide. For example, 
on any connected Lie group G with Lie algebra g, we can identify the tangent space of G at 
the origin To{G) with g. Given any inner product (, ) and a vector w G g with (w, w) < 1, we 
can then define a Minkowski norm Fo on g by (see [1 ) 

Fo{u) = \J {u, u) + {w,u). 

Then we can extend this Minkowski norm to a left invariant Randers metric on G by the left 
translation of G. This method produces numerous examples of homogeneous Randers spaces. 
It is also known that on many coset spaces G / H of a Lie group G with respect to a non-trivial 
closed subgroup H, there exist G- invariant Randers metrics (see for example [6]). 
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2. Preliminaries 

Let F he a, Finsler metric on an n-dimensional manifold M. We always assume that F is 
positive definite, namely, the Hessian matrix gij = gij(x,y) is positive definite, where 

gvix,y) ^[FX.y,{x,y), y G T,M - {0}. 

On a standard local coordinate system (x^, x^, ■ • ■ , x", y^,y^, ■ ■ ■ , y"), the geodesies of F are 
characterized by the following system of equations: 

where G* G^{x,y) are called the geodesic coefhcients of F, which are given by 

G^ = l{[F\^y.y"^~[F%,]. 

It is clear that if F is Riemannian, then G" are quadratic in y. For a general Finsler metric, 
is very complicated and is not quadratic in y. When G* are quadratic in y, we call F a Berwald 
metric. Every Riemannian metric is a Berwald metric, but the converse is not true. In fact, 
one can construct many examples of non-Riemannian Berwald metrics. The local structure of 
Berwald spaces was determined by Z. I. Szabo in [T^ . 

A Finsler metric of the form F — a + f5, where a is a Riemannian metric and /? is a 1-form 
on M whose length with respect to a is everywhere less than 1, is called a Randers metric. This 
kind of metrics was introduced by G. Randers in 1941 ([TT), in his study of general relativity. A 
Randers metric F = a + (3 is a Berwald metric if and only if the form /3 is parallel with respect 
to a. This is an important result in the field of Finsler geometry due to the contributions of 
many mathematicians, see [T| for an account of the history of this result. 

Let y be a non-zero vector in Tx{M). The Riemann curvature Ry = R\-^ ^ dx'' is defined 

by 

-R'fc 2[G*]j.fc - [G']^,^yky"^ + 2G"^[G\myk - [G\m[G™]yfe. 

It defines a linear transformation on Tx{M). The trace of this linear transformation is denoted 
by Ric{x, y) and is called the Ricci curvature of F. A Finsler metric is called Ricci quadratic 
if Ric{x, y) is quadratic in y. 

3. The Levi-Civita connection of homogeneous spaces 

In this section we shall use Killing vector fields to present some formulas about the Levi- 
Civita connection of homogeneous Riemannian manifolds. We follow the method used by the 
first author in [6]. 

Let {G/H,a) be a homogeneous Riemannian manifold. Then the Lie algebra of G has a 
decomposition g = t) + m, where f) is the Lie algebra of H and Ad{h){m) C m, V/i £ H. We 
identify m with the tangent space To{G/ H) of the origin o = H. We shall use the notation (, ) 
to denote the Riemannian metric on the manifold as well as its restriction to m. Note that it 
is an AdTJ-invariant inner product on m. Hence we have 

([a;, u], w) -I- ([a;, v\,u) — 0, Va; € f), Vm, u 6 m, 

which is equivalent to 

([x, u],u) = 0, Vxe(),Vwem. 
Given w e g, we can define the fundamental vector field it generated by v, i.e., 

VgH = ^ exp{tv)gH\t=Q, V.g G G. 

Since the one-parameter transformation group expiw on G/H consists of isometrics, w is a 
Killing vector field. 
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Let X, Y, Z be Killing vector fields on G/H and U, V be arbitrary smooth vector fields on 
G/H. Then we have ([1], page 40,182,183) 

[X,Y] = -[X,Y], (3.1) 

X{U, V) - {[X, UIV) + {[X, V], U), (3.2) 

iV^Yj) = -\ ({[X,Yi,Z) + {[X,ZiY) + {[Y,ZiX)) . (3.3) 
We only need to prove (2.2). In fact, by (c) of Theorem 1.81 of we have: 

X{U,V) ^ {V ^U,V) + {U,V ^V) 

= {VuX, V) + [X, U],V) + ([/, VyX) + ([/, [X, V]) 

= {[X,U],V) + {[X,VIU). 

Let ui,U2, ■ ■ ■ ,Un he an orthonornial basis of m with respect to (, ). We extend it to a basis 
iti, W2, ■ • • ,Um of 0. By [5], there exists a local coordinate system on a neighborhood V of o, 
which is defined by the mapping 

(exp(2;^ui) exp(x^U2) • • • exp(x"u„))iJ {x^, ,■ ■ ■ , x"). 

Let gH ^ {x\x^,--- ,a;") G U. Then 

d 

where 

= e="'''''"i • • • e^'"'°'^"'-i(u,). (3.4) 
Remark In the following, the indices a,b,c^--- range from 1 to m, the indices i,j,k,--- 
range from 1 to n and the indices A, /i, • • • range from n + 1 to m. 

ij 



= fi'UalgH, 



Let r' ■ be the Christoffel symbols in the coordinate system, i.e. 



dx^ '-^ dx'' 



Then 

g d df^ 

From p.4p . we see that /f are functions of x^, • 

^■^j" _ • > ■ 

Therefore p.5|) gives 

Differentiating the above equation with respect to a;^, we get 

&^ + ^^^^^^^ ^ + /;/.^V., V.,zf., * > J. (3.6) 

Differentiating p.4p with respect to Xk and letting {x^ , ■ ■ ■ ,a;") — 0, we obtain 

1^(0) = /(A;, z)C,",;, 

where C^^ are the structure constants of g which are defined by [ua, ut] — C^j^Uc and f{k, I) are 
defined by 

I 1, k < i, 



f{k,i): 

Considering the value at the origin o we get 



k> 
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Lemma 3.1. 



rUo) = f{t,j)cl^ + {Vu,uj,ui), 



+ f{k, i)Cli{Vu,Uj,ui) + Uk{Vu^Uj,ui), i > j. 



(3.7) 
(3.8) 



Proof. From (fO)) we know that /f (0) = Sf and that g^- |o = Mfelo = Wfe- Thus, by ([33 



d 

p.7p is obtained from the above equation. By p.6p we get 

r|^rL + /(fc,j-)c^,(Vtf,w"a,iii) 



o 

+ /(fc, i)Cfcj(V„-„Uj, z2i) + (V,4 V„-,Uj, Ui), j > j. 
And we know that at the origin 

{^Uk Uj ,Ui) ^ life ( Vtj, llj ,ui) - ( V„-, -Uj , V„-^ -u; ) , 

and 

From the above four equations p.Sp is obtained. □ 
We wiU also need the foUowing 

Lemma 3.2. For Ui,Uj,Uk,ui G m, ua G f), we have 

Uk{^UiUj,Ul)\o = - {Cka^ij + ^ka^il + ^ka^jl + ^ijC^kl^st + C-iCljSst + CjiCl^Sg 

where [vi,Vj]m denotes the projection of[vi,Vj] to m. 



(3.9) 
(3.10) 

(3.11) 



Proof . First, p.9p is an ahernative formulation of p.3p at the origin in terms of the 
structure constants. Using the invariance of adu\, (I3.10p can also be deduced from (|3.3p . 
Finally, by p.3p we have 

Considering the value at the origin o and taking into account p.2p and p.ip . we can deduce 
from the above equation that 

Uk{^u,Uj,Ul)\o =^(([wfc, [Ui,Uj\]^,Ul) + ([Ufc, [u^,Ul]\^,Uj) 

from which we get p.lip . □ 

By the above two lemmas, at the origin o we have 
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4. RiCCI-QUADRATIC HOMOGENEOUS RANDERS SPACES 

In this section we will recall some basic notations about Randers spaces. Let 

be a Randers metric. Let V/3 — b^jy^dx^ denote the covariant derivative of (3 with respect to 
a. 

Tij := — + bj\i), Sij :— -^{bi\j — '■— ^ ^iji '■— ^mS j- 

We use Uij to raise and lower the indices of tensors defined by hi and b^j. The index "0" means 
the contraction with y*. For example, sq = sty^ and rgo = Vijy^y^ , etc. For Ricci-quadratic 
metrics on Randers spaces, we have the following 

Theorem 4.1. [9] Let F = a + /3 be a Randers metric on an n- dimensional manifold. Then it 
is Ricci-quadratic if and only if 

roo + 2so/3- 25(^2-/32), (4.12) 
s^ife = (n - iMo, (4.13) 

where c — c{x) is a scalar function and := 2csk + <?bk + ife + \cu, here Ck = 

Now we consider homogeneous Randers spaces. Let {G/H,a) and m be as above. If is a 
G- invariant vector field on G/H, then the restriction of W to To{G/H) must be fixed by the 
isotropy action of H. Under the identification of To{G/H) with m, W corresponds to a vector 
w G m which is fixed by Ad{H). On the other hand, if w e m is fixed by Ad{H), then we 
can define a vector field W on G/H by M^lgir = -^{g exp{tw)H)\t=Q. Therefore, G-invariant 
vector fields on G/H are one-to-one corresponding to vectors in m fixed by Ad{H). Note that 
a Randers space F = a + j3 \s G-invariant if and only if a and /3 are both invariant under 
G. Through a, /? corresponds to a vector field U which is invariant under G and satisfying 
a{U) < 1 everywhere. This implies that there is a one-to-one correspondence between the 
invariant Randers metrics on G/H with the underlying Riemannian metric and the set 

V = {u e m\Ad{h)u = u, {u, u) < 1, V/i £ H}. 

Also note that in this case the length c of /3 (or U) is constant. 

Let {G/H, F) be a homogeneous Randers space and ([/, {x^, ■ ■ ■ , x")) be a local coordinate 
system as in Section 2. We suppose the vector field U which corresponds to the invariant I-form 
/? corresponds to it = cun{c < 1) under the Riemannian metric a. Thus 

U\gH =^gexp{tu)H\t=o 

= — (expx^wi exp x'^U2 - ■ ■ exp(x" + ct)un)H\t=Q 
_ d 
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Then we have the following (see[B]): 



dbi 9a. 
dh 

^^l^'^si"^'^^^-^'^"^""^^' (4.14) 
1 c 

\ c f. 1^ 

Sj — b S'lj — a hi Sij — cSjij . 

Lemma 4.2. Let {G/H,F) be a homogeneous Randers space and /3 correspond to u. Then 
ies that 

{[y,uUy)^0, yyem. (4.15) 
Proof . Considering the value at o, by (|4.14l) . p.7p and p.9p . we have 

(roo + 250/3) I o = cr^o + 2c^(r;jo - r« J(u,y) 

^cC°„+c^C:o{u,y) 
= ([y^wlm,^ - {u,y)u). 

It is obvious that 

25(a2-/32)|„ = 2£(o)((y,y)-(u,y)2). 
Plugging the above two equations into (I4.12p . we get that at o 

- {u,y)u^ = 25(o) {{y,y) - {u,yf) . 

Setting y — u and taking into account the fact that (m, u) < 1 , we get 

c(o) = 0. 

Thus 

(\jj,u]m.,y~ {u,y)uj = 0. 
Replacing y by y + u in the above equation yields 

([y, "]m, u + y - {u,u + y)uj = 0. 

From the above two equations and the fact that (u, w) < 1 we deduce that 

(b,u]m,u) = 0, = 0. 

This proves the lemma. □ 

Note that in the above lemma we also have 



Ci, + Cl^=0 = CI,, (4.16) 
hip) = s^s^i = 0. 
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5. Proof of the main theorem 

Before the proof, we still need to perform some complicated computation. 
First we have 

-L nj\^ fcs + -L kl°ts) 



s rt X I f/u A\na /V7 _ „r (5-17) 



= f{k, l)C-^irl,^dts + .f(k,j)C^^ {Vu,Ua, Ui) 

Lemma 5.1. Let (G/H,F) be a homogeneous Randers space and /? correspond to u which 
satisfies (I4.15p . Then 



dbo\Q 



= 0. (5.18) 



dx" 

Proof . By the Lemma 3.2 we have the following computations 
db 

= f{hj)c^,y'y'i{^u^uo, Us) + {S7^-us,uo)) + /(o, 0)c^oyVcL - CLC% + c'oaC^^o 

= f{hj)Ct,yV(C:,, + Cl) + f{t,j)C^^yWCl, + a°;,C„^ 
= f{^,J)C^,yVC°^ 
= 0. 

(5.19) 

In above we have used the fact C^^^ — 0. □ 
Further, we also have the following 

Lemma 5.2. Let {G/H,F) be a homogeneous Randers space and l3 correspond to u which 
satisfies ()4.15p . Then 



(/(*, k)Ct^C^, + /(», 0)CfoCr, + Co\Cr,) . (5.20) 



dSkQ I _ c 
dx- '° " 2 
Proof. By ((5Tf| . we get 

c 9a::' 9a;* 9a;* 

=/(*, k)CtkT\Jst + /(*, 0)Qo(V„-„Ma, ufc) + C^(V„-,wo, Tffc) 

- (/(Z, 0)Cfor*,,J,i + /(*, fc)Crfc(V„-„Ua, ^"o) + C^(V„"^Ufc, uo)) 
+ Wi ( V„-„ Mo , Mfc ) - Mi ( V„-„ Uk , Mo ) 

=/(z,0)(CS(V„-„M„Ufc) - Ct^Ti^5st) ~ f{t,k){C^,{Vu^Ua,uo) ~ Ctk^\^8st) 
+ C'f„((Vir^uo, Mfc) - {Vu^Uk, Wo)) + '«i(V„-„uo, Wfe) - Ui{Vu„Uk, uq) 
By dSj]), dSH), we have 

(V„-^MO,Ufc) - {Vu,Uk,Uo) = Cfco- 

Then by ([Hl^ . we get 
From p. lip we easily get 

M»(V„vMO,Mfc) - Wi(V„~„Ufe,Mo) = Cf,Co\ + C4C*„(5^t. 
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Combining the above four equations, we obtain (|5.20p . □ 

Proof of the main theorem. Let G/H be a homogeneous Randers space. Taking the 
local coordinate system as in Section 3, we have seen that (|4.15p holds. In particular, we have 
= 0. By (OH)) we have 



Differentiating (|4.12p and taking into account the fact that c(o) = = 59(0)5 we deduce from 
(Pia that 



Thus 

which yields 



Co = 0, 



Mo) = ^£o(o) =0. 



On the other hand, we have 



Thus 



fc = l l<fc,i<n ^ ^ 



l<fc,!<n ^ 

Therefore (I4.13P reduces to 



2 

l<k,l<n 



= 0. 



Set ?/ = u in the above equation. Then by (j4.15l) we have 

^ki — k,l — 1, ■ ■ ■ ,n, 

i.e., 

([ufc, u) = 0, k,l^l,---,n. (5.21) 

It is proved in [6 that a homogeneous Randers space is of the Berwald type if and only if (|4.15p 
and (|5.2ip hold. This completes the proof. □ 
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